In this paper, the estimation method of impact probability for Near-Earth Objects (NEOs) is investigated. The impact probability of NEOs has been calculated by a linear target plane analysis and a Monte-Carlo method. Since the collisions of NEOs with the Earth are quite sensitive problems, the calculations have to be confirmed by several methods. A linear target plane analysis cannot be applied if the position uncertainty is too large since the uncertainty ellipsoid is not a good assumption in this case. A Monte-Carlo method can be used for a large position uncertainty, but the computational cost is high. The limitation of using a linear target plane analysis is investigated using the Monte-Carlo method for the close approach of 99942 Apophis (2004 MN4). The relation between impact probability and observation accuracy is investigated by analyzing the close approach of 2007WD5.
Introduction
Asteroids may provide significant information on the solar system formation process. Since sending a mission to NearEarth Objects (NEOs) require less energy than for main-belt asteroids, spacecraft can rendezvous and orbit NEOs. For example, Hayabusa is aimed to become the first sample return spacecraft from the Near-Earth Asteroid Itokawa 1) .
These small celestial bodies provide us not only with scientific knowledge but also catastrophic hazard, as some asteroids approach the Earth and have the possibility of impacting the Earth. A lot of ground Earth observation efforts are made for searching NEOs, and several NEO survey programs are running to discover such dangerous celestial bodies 2) . Then the orbit of discovered asteroids are calculated and the impact probabilities with respect to the Earth and the other planets are estimated. For example, the close approach to the Earth of asteroid 1997XF11 and 1999AN10 is investigated 3, 4) . Since, the impact probability calculation is quite a sensitive problem, confirming the results by several methods is important.
In this paper, the impact probability calculation using the data of optical observation is investigated. The linear mapping technique is used to calculate the uncertainty ellipse on the modified target plane. The analysis for close approach of asteroid Apophis (2004MN4) and 2007WD5 is described as examples.
Impact Probability Calculation for NEOs
The impact probability calculation for NEOs is calculated by the following three steps.
1. Orbit determination of the asteroid 2. Linear mapping to the modified target plane 3. Impact probability calculation
The details are described in following subsections.
Orbit determination of asteroid
The orbit determination of asteroid is necessary for the impact probability calculation. Asteroid orbits are calculated by a weighted least square method. The orbit determination problem is to estimate the six orbital elements X X X 0 at epoch t 0 and with covariance matrix C X from a set of m astrometric measurements. The measurement set is given by right ascension α and declination δ . The weighted least squares procedure minimizes the following weighted sum of the residuals Q,
where ρ ρ ρ is a vector of residuals and W is symmetric matrix which reflects the observation errors. The best-fitting solution X X X 0 and covariance matrix C X are solved by the NewtonRaphson method. The asteroid motion can be calculated as follows:
where r r r is heliocentric position vector of the asteroid, r r r k and µ k are heliocentric position vector and gravity constant of the perturbing body k, µ s is a gravity constant of the Sun, n is the number of perturbing bodies and ∆ is a vector of relativistic perturbative accelerations of the Sun. Perturbations due to eight planets, Pluto and the three largest asteroids, Ceres, Pallas, and Vesta are included 
Linear mapping to the modified target plane
We use the confidence region on the modified target plane 4) to calculate the impact probability. The modified target plane (MTP) is oriented normal to the relative velocity with respect to the target planet at the point of closest approach. The MTP coordinate is described in Fig. 1 , whereŜ MT P axis is parallel to the relative velocity at closest approach V V V CA ,T MT P axis is parallel to the equatorial plane and normal toŜ MT P axis, and R MT P axis is the cross product ofŜ MT P andT MT P . The B-plane coordinates (Ŝ BP ,T BP ,R BP ) are also described in Fig. 1 , and the difference between the modified target plane and the B-plane arises from the gravitational force of the target planet.
The covariance matrix at the time of close approach C CA is necessary to calculate the confidence region. The subscript CA implies the close approach time. C CA is calculated by mapping the covariance matrix at epoch C X onto the MTP. The state transition matrix Φ and rotation matrix R map the C X on the where R describes the matrix representing the rotation from the inertial reference frame to the modified target plane frame.
The closest approach time is calculated by monitoring the distance between the asteroid and the Earth during the asteroid orbit propagation. The propagation is calculated using Eq. (1).
Impact probability calculation
The impact probability is calculated by integrating the confidence region over the target planet disk. The confidence region (ellipsoid) is described as follows:
where ∆X is the vector of the error from the nominal (bestfitting) solution on the MTP frame and σ is the sample standard deviation. Then the bivariate Gaussian probability density function on the MTP can be calculated from the confidence ellipsoid (Fig. 2) . The integration of the probability density over the cross sectional area of the target plane is calculated by the algorithm developed by Michel 6) .
Results and Discussion
In this paper, the Earth impact probability of asteroid 99942 Apophis and the Mars impact probability of 2007WD5 are calculated.
Pk_12
Trans The following six Keplerian orbital parameters are used for the orbit determination, which are semi-major axis a, eccentricity e, inclination i, longitude of ascending node Ω, argument of perihelion ω and mean anomaly M. The best-fitting solution and the standard deviation are described in Table 1 . The standard deviation of Table 1 is calculated by assuming the observation error as 1.0 arc-second (1-sigma). Fig. 3 describes Apophis residuals of right ascension α and declination δ for the solution.
Next, the uncertainty ellipse and the impact probability of Apophis are calculated using the techniques outlined in section 2. The 3-sigma uncertainty ellipse on the modified target plane at the 2029 earth encounter is described in Fig. 4 . The ellipse is elongated, and its size is about 13,740 km long by 730 km wide. The nominal miss distance, the minimum miss distance, the relative velocity and the impact probability at the closest approach are collected in Table 2 . The Monte-Carlo results are also described in Fig. 4 , and most points are in the 3-sigma uncertainty ellipse. The nominal miss distance is base on the best-fitting solution and the minimum miss distance is based on the 3-sigma uncertainty ellipse. The minimum miss distance is larger than 30,000 km and the impact probability is predicted to be about zero.
Limitation of linear mapping
Linear mapping can be available when the uncertainty of the solution is small enough. If the uncertainty becomes large, the confidence region cannot be approximated as the ellipsoid described in Eq. (4) and the true confidence region becomes a curved ellipsoid.
The Apophis 2036 Earth encounter is investigated as an example of large uncertainty. The uncertainty is evaluated using the uncertainty region volume, which is calculated from the 3-sigma uncertainty ellipsoid. The calculation is based on the solution described in section 3.1. The ratio is plotted between 2005 and 2036 in Fig. 5 , where the Y axis indicates the ratio of uncertainty region volume between the volume at the epoch and the volume of the X axis. It is found that the uncertainty grows rapidly after the 2029 Earth encounter.
The Monte-Carlo method is used to illustrate the true ellipsoid for the Apophis 2036 encounter. The close approach time is April 13.375, 2036. 1,500 statistically possible orbits are sampled from the solution in Table 1 . Fig. 6 describes the curved ellipsoid and indicates that the linearized Eq. (3) has no longer enough accuracy.
Example 2: 2007WD5
The Mars impact probability of 2007WD5 is described in this section. 2007WD5 was discovered on November 2007 and its diameter is estimated to be 50 m. 2007WD5 has passed within 7.5 million km of the Earth on November 1, 2007 and approached within about 20,000 km of the martian surface on January 30, 2008 8) . The orbit diagram of 2007WD5 is described in Fig. 7 . Table 3 , and the standard deviation of the observation error is assumed to be 0.6 arc-seconds in the fit. The residuals of right ascension and declination for the solution are described in Fig. 8 .
The uncertainty ellipse of 2007WD5 is calculated using a linear target plane technique. The 3-sigma uncertainty ellipse on the modified target plane is illustrated in Fig. 9 . The uncertainty ellipse is also elongated like that of Apophis in Fig. 4 , but the size is larger because the number of observations is small. The close approach time is January 30.51, 2008 and its impact probability is predicted to be 0.035%. Other results are collected in Table 4 .
Since the impact probability can be calculated by integrating the uncertainty ellipse, it is strongly influenced by the observation accuracy. In order to evaluate the relation between the impact probability and the observation accuracy, the impact probability with respect to the observation accuracy is collected in Table 5 , where SMAA indicates the semi-major axis of a 3-sigma uncertainty ellipse. The uncertainty ellipse with respect to the observation accuracy is illustrated in Fig. 10 , and it indicates that the impact probability changes dramatically with the observation error.
Conclusion
This paper investigates the impact probability calculation of NEOs using a linear target plane analysis. The case of asteroid 99942 Apophis and 2007WD5 are described. The linear target plane analysis is confirmed by a Monte-Carlo method. The The strong influence between impact probability and observation accuracy is also investigated. Although radar measurements reduce the volume of the predicted uncertainty region 7) , these measurements aren't included in our software. We are improving the software to include available radar measurements. 
